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Abstract. g-oscillator models are considered in two and higher dimensions and their symmetries
are explored. New symmetries are found for both isotropic and anisotropic cases. Applications
to the spectra of triatomic molecules and superdeformed nuclei are discussed.

1. Introduction

The g-deformed oscillator introduced recently [1] has spurred a great deal of activity.
Various aspects of the standard harmonic oscillator have been generalized e the
deformed case [2]. In addition to studies on models with a siggtescillator and its
successful application to different branches of physics [3—8], higher dimensional isotropic
and anisotropig-oscillator models have also begun to be studied [9-11].

It is known that the generalization of harmonic oscillatogtoscillator models becomes
a non-trivial problem in higher dimensions, even in the isotropic case. In [9] two such two-
dimensional isotropig-oscillator models were proposed. However, only one of them was
really analysed, a more natural candidate being ignored. One of our aims is to reconsider this
important issue and show that this alternative model also exhibits an interesting symmetry.
Our main purpose however is to concentrate on the symmetries of the anisqtrogidliator
models in two and higher dimensions, which to our knowledge have not been explored
properly. It should be emphasized here that the symmetries obtdmedard (¢ = 1)
anisotropic oscillators in two dimensions are well understood [12].

We derive our basic results first {6/, (N) with N = 2 and subsequently extend them
to higher N. We find interesting applications of our results to the vibrational spectra of
triatomic molecules as well as to the shell structure of superdeformed nuclei.

The plan of the paper is as follows. In section 2 we review ordinary oscillators, both
isotropic and anisotropic, so that it will be easier to make the transitioprdecillators.
In section 3, we discuss isotropicoscillators and in section 4, anisotrogjeoscillators.
These two-dimensional studies are extended to three dimensions in section 5. Section 6
discusses some applications.

§ Permanent address: Saha Institute of Nuclear Physics, AF/1 Bidhannagar, Calcutta 700 064, India.
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2. Symmetries of standard oscillators

Let us begin by briefly discussing the ordinary isotropic oscillator model in two dimensions.
The Hamiltonian is given by

h =

2
{a, a;} = (1 +na+ 1) )

i=1

wheren; = a;rai is the number operator and, a; (i = 1,2) are ladder operators with
commutation relations

[Cl,’, ajT] = (Sij [Cl,', aj] = 0 [I’l,’, a,'] = —da;. (2)
‘Angular momentum operators’ may be constructed by the Schwinger representation
i = ala jo =ala Jja= L1 —no). ®3)

They satisfy theSU (2) algebra and commute with the Hamiltonian which is related to the
Casimir operator:

Joaju = S(h? = 1).

This gives theSU (2) symmetry of the Hamiltonian (1).

Now we ask what happens when the ordinary oscillator model (1) is made anisotropic
giving the HamiltonianH o« wi(ny + %) + wyr(no + %). Of course there is no degeneracy
in general, but the spectrum becomes interesting when the frequengcies are rational
multiples of each other. The Hamiltonian is then written as

1 1
H=_—(ni+3)+ (12+3) 4
k1 ka

with w1 : wy = kit 1 ko™t wherek; and k, are relatively prime integers. This simple
situation has been discussed in the literature [12]. In this anisotropic case in two dimensions
an SU(2) symmetry is involved again, though with a curious multiplicky, of copies

of each irreducible representation of the corresponding algebra. To explain the basic idea
behind such symmetries we first note that the reason why the opejat@@mmute with

the Hamiltoniank (1) is that they shift both,, n, by unity but in opposite ways:

fy,np)jr = jrf(ni L npF1).

When we go on to the anisotropic Hamiltonian (4) we need ‘angular momentum operators’
which shiftnq, n, by different amounts:

fn1,n2)Je = Ji f(n1 £k, no F ko). (5)

Note that the single-quantum shift operatéf which may be associated with the standard
creation operator through! = /n€” shifts n by unity: f(n)e? = € f(n +1). We
construct in analogy a multi-quanta shift operat$? eand a corresponding multi-quanta
creation operatoA’ = /Né*”, whereN = [n/k], the integral part ofi/k, i.e.

n=Nk+r o<r<k).



Isotropic and anisotropig-oscillator models 117

The operatorsA, A" thus constructed, together with their number operaforsatisfy the
usual oscillator algebra:

[Ai, All=6;  [A,A]l=0 [N, A]l=—A. (6)

Writing out the shift operators’® = (n=1%a")¥, one finally arrives at

1/2
Afzﬁ((”_k)!> at, @)

n!

Note that these creation and annihilation operators depend onAbatid » apart from the

usual creation and annihilation operators, but the number opekaisrindependent of-.

These bosonic operators are the same as the generalized bosons introduced earlier in other
contexts [12]. With their help one may easily construct ‘angular momentum operators’ [12]
for the anisotropic case by direct analogy with the isotropic one:

I =AlA, J_=AbA; J3= (N1~ No) (8)

where the appropriaté; are understood to be used in the constructiondpffrom a;
(i = 1,2). It may be noted that unlikd.., which depend on botV andr apart from the
operatorsz, af, J3 depends only omv.

Due to the validity of the bosonic commutation relations (6), the generators (8) provide
again a Schwinger type realization 6¥/(2) and because of the modified shifts, they
commute with the Hamiltonian (4).

The usualSU(2) quantum numbers are given by= (N1 + N2), M = (N1 — N»)
and the energy can be written as

F1+%+V2+%

E(J, rq, =2J
(J,r1,12) + T *

9)

Thus the remainders, r, enter the expression for the energy here, which is not completely
determined by/. These remainders can takeandk, different values, respectively. Note

that if J, M, r; andr, are all specified then,, n, and hence the states are fixed. Now

for given values of, r2, the SU(2) quantum numberd, M can vary as usual and every
irreducible representation of the group occurs exactly once. By varyjng, one therefore
obtainsk;k, copies of each irreducible representationSéf(2). Thesekik, copies all have
different energy, as is clear from (9) above. Note thatdpr= k, = 1 we recover the
isotropic case with only one copy of each irreducible representation. Higher dimensional
generalizations can be made by exploiting these ideas of two dimensions and lead to an
SU(N) symmetry. One interesting possibility should be noted here. If we regard the
different levels for a fixed value of as forming a bunch, the spread of energy values within

a bunch may be so large that the bunches overlap violating the level sequence. Whereas
in the isotropic case levels with higher values johave necessarily higher energies than
levels with lowerj, in the anisotropic casg(J, ry, rp) exceedst(J + % ry, o) if

(r=rp) | (2=ry)
k1 ko

> 1.

This crossing of levels may be of interest in practical situations.
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3. Isotropic g-oscillator models

A g-oscillator involves thej-commutators [1]
ala?’ — gala? = g=" [n,a%] = —a? 2)
where we takey = € notto be a root of unity. One can use two independent sets of such

operators to construct generators

jt=allay  j=dflal  j§=30m—ny 3)

satisfying theSU,(2) algebra [1]
74, 721 = [2)3], [j5. jil = £/l

Here [x], stands for(g* — ¢=*)/(¢ — ¢~ = sinxa/ sina.

A candidate [9] for the isotropig-oscillator Hamiltonian is (1itself or its g-deformation

= [ny +n2+1],. (10)

All the generators of th&U,(2) algebra introduced above commute with the Hamiltonian
(10) and in fact with an arbitrary function of; + n, + 1. Thus, (1) itself, (10), or an
arbitrary function ofn; 4+ n, + 1 andg, which reduces to (1) whei goes to unity, can be
taken as the Hamiltonian for the isotrogjeoscillator. We shall refer to such Hamiltonians
as being of type I. Note that only the undeformed expression (or a linear function thereof)
can be expressed as a sum of two similar terms for the two individual oscillators. An
interesting property of such systems is that there are violations of the level sequence. This
is due to the fact that an inequality > n cannot guarantee the inequality], > [n],,
which holds only for small values of, »” and«. For such values, the energy spectrum
is similar to the standard case. For higher values of these guantities, however, the energy
sequence is violated. The dependencendf = sinna/ sine on the parameter also gives
a bound|[n],| < |sin|™%, limiting the energy spectrum in a bounded range. Different
levels however will not coincide as long gsis not a root of unity.

There is a more natural choice for the Hamiltonian of the isotropic two-dimensional
g-oscillator. This is the sum of the Hamiltonians for two independgenscillators:

|| = Z{a q} =[n1+ %]q +[n2 + %]q (11)

As mentioned above, this model was briefly taken up in [4] where it was pointed out
that it does not commute with the generator§ (8§ the SU,(2) algebra. We shall refer

to it as being of type Il. Note that its spectrum has obvious degeneracies arising from the
permutibility of the twog-oscillators. As we have restricted ourselves to the situation where
g is not a root of unity, there are in general no multiplets besides doublets (and singlets).
It turns out that the permutation symmetry may induce an interestig?) or SU,(2)
symmetry in this spectrum, as can be seen in the following way. The algebra is made up
of the operators

=3 A Gy

par il Ul O P
:ZZh—i—n i)(i,i +n|
i=0 n=1
=]
» oo oo
a=3> > lli+ni)i+nil—li.i+n)ii+n] (12)
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Each term in the expansion gf. projects out the staté,i + n) and in view of the
representation (3and the relations

alln;) = /[nlyni — 1) afingy = In + 1yl + 1)

(j1)" takes a state withy = i, n, =i +n to a state withh; =i +n,n, = i by creating

n quanta of the first kind while destroying an equal number of quanta of the second kind.
Similarly terms of j_ act in the reverse way. These operators satisfystig2) algebra,
which can be checked easily by direct calculation. They even satisf§ihe2) algebra.

This happens because the operatphas only zero and one-half as eigenvalues as a result
of the easily verifiable propertyj,)2 = (j_)? = 0, and for these eigenvalugd/(2) and
SU,(2) are identical. It can be checked easily that the above operators commute with
(5) and therefore the Hamiltonian can be said to haveS&ri2) or SU,(2) symmetry.
However, this symmetry manifests itself only in doublets and singlets, in contrast to the
infinite variety of representations that is observed for $ti&2) symmetry of (1) and the
SU,(2) symmetry of (10).

4. Anisotropic g-oscillators

Let us go over to the anisotropicoscillator of type |. The Hamiltoniad,’ in the isotropic
case obviously commutes with tt§&/, (2) generators introduced above, but an anisotropic
Hamiltonian

1 1 1 1
qu = |:k1(n1 + Q) + E(”Z + 2)i|q (13)
where ki, k, are unequal positive integers having no common factor, du#sdo so.
However one finds that, much as befotgecreation and annihilation operators may be
introduced through the unit quantum shift operatoraés = ,/[n],€f, and through the
multi-quanta shift operator as?’ = ,/[N],€*" giving

o 1/2
Al = VIV, ([”’ k]q!) (af")". (14)

[”i]q!

Here, p],! = [n]4[n — 1], ...[1], and N; stands for the integral part already introduced in
the standard case. The operators (14) proposed recently [13] as genegatinedns can
be used to construct generators

79 = A1 AY 74 = Adtal J§ = 3(N1— Ny) (15)

satisfying the saméU, (2) algebra. It is interesting to note that the generattrsJ; thus
constructed commute with the Hamiltonia#’. Therefore we conclude that anisotropic
type | g-oscillator model (13) exhibits again ti#J/,(2) symmetry as done by its isotropic
counterpart (10). Moreover, because of the splitting:ofk; into its integral party; and

the fractional part;/k;, exactly as before, there akgk, copies of each representation of
SU,(2). These copies have different energies as long @s not a root of unity. Thus,
although the nonlinear expression for the energy may change the ordering of the levels
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from the standard situation, the degeneracies remain exactly the same as before with the
expression of energy given by

@)

El(J,r,m) = |27
[ (J,r,1r2) |: + i '

r1+ 1 ro + 1
1735 + 2j| )
q
Next we come to the case of anisotrogieoscillators of type Il. The Hamiltonian is
taken to be
M1 1
Hi=|—m+3)| +|-m2+3)] . (16)
L1 q ka q
By separating the integral and fractional parts as before, we can write this as

i 2ri+1 2ro +1
HY =|Ny+ ;k } +[N2+ ;k ] . (17)
L 1, 2 1,

However, contrary to the isotropic case (11), this expression in general does not exhibit the
permutation symmetry under exchangeMf and N, because of the fractions which are
different in the two terms. It is easy to see that these fractions can be equal only when
2ri +1 =k fori = 1,2, i.e. only fixed values of; determined by giverk; can lead

to degenerate levels. Thus there is a very limited amount of degeneracy in the states of
this system and it occurs only if neithér is even. When these restrictions énand r;

are satisfied there occur doublets (and singlets) much as in the isotropic case of type Il.
There is again asU (2) or equivalentlySU, (2) symmetry underlying these multiplets. The
corresponding generators can be constructed as in (12) with only the replacement of the
generators (3 by the anisotropic ones (15) having the properties

A{IN:) = J/IN]4IN; = 1) AN = IN + 1IN + 1),

Thus in terms of the operator®, J;, introduced for the anisotropig-oscillator of type |
and appropriate projection operators, we may write

N 1) R . . |
= N VDI T+ Ns LT 4 N

~
I
o
=
Il
a8

o0 o8}
= > U+ N. L)l I+ Nir.rl

+
" oo oo
5=3> > [+ N, Lirral{I+ N, Iira,ral = [T+ Nira,r)(IL 1+ Ny, 2]
(18)

Here the states are understood to be labelled by their quantum nuiNbers,, ri, r»

with fixed valuesr; = (k; — 1)/2. Repeating similar arguments it may be shown that the
operators introduced in (18) not only obey th& (2) or SU,(2) algebra but also commute

with the Hamiltonian (16) and thus can be said to be responsible for the degeneracy of the
states. As in the case of the corresponding isotrgpascillator, only the spin one-half

(and zero) representations occur instead of the infinite variety observed for type |.
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5. Higher dimensional models

After this elaborate discussion of two-dimensional oscillators, its generalization to higher
dimensions does not pose any difficulty. For example, while the ordinary isotropic three-
dimensional oscillator with the Hamiltoniai = n1 + n, + n3 exhibits anSU (3) symmetry
with certain irreducible representations (the symmetric tensor ones) occurring exactly once,
the anisotropic Hamiltoniatd = (n1/ k1) + (n2/ ko) + (n3/ k) leads to anSU (3) with each
of the above representations occurring,ks times, the integerk; being assumed to contain
no overall common factor. Just as the generators of the algebra in the isotropic case can
be written aSaIaz, a;ag, a1a3, their conjugates and the elements of the Cartan subalgebra
%(nl — 1), %(nz — n3), in the anisotropic case one replaegsn; by A;, N; defined with
the appropriaté; involved in the Hamiltonian. Repetition of multiplets occurs because the
energy contains a new piecey/ k1) + (r2/ k2) + (r3/ k3), wherer; varies from 0O tok; — 1.
Apart from the possibility of overlapping bunches already seen in the case of two
dimensions, a new pecularity may appear here. As there are séyeral may so happen
that, although there is no overall common factor between them, some of them possess some
common factor. In that case, there will exist different multiplets with equal energies. For
instance, ifk; = 4, ko = 2, k3 = 1, the copies of any multiplet with; = 2, r, = 0 and
r1 = 0, r, = 1 will have equal energies. Thus the symmetry generatonsaticonnect all
states having the same energy.
More generally, in the-dimensional case, the anisotropic Hamiltonidn= dinilki
leads to[ |, k; copies of each irreducible representationSéf(N) observed in the isotropic
case. It is assumed here that s are integers containing no overall common factor. The
peculiarities occurring in the lower dimensional cases can of course occur here as well.
Similarly such higher dimensional cases can be consideredgudsformations leading
to an SU,(N) symmetry in both the isotropic and anisotropic cases. The construction of
symmetry operators in the anisotropic case is analogous to the undeformed situation; as in
the two-dimensional case, the bosonic operators should be replaced hy-treformations.
For the three-dimensiongloscillator of type Il one may take the generators as

- o0 oo o0
J2=) ) Y li+n i na)i,i+n, ng
i=0 n=1n3=0
» oo oo oo
j13=222|l+n na, i)(i, na, i +nl
i=0 n=1ny,=0
» o0 oo oo
j:%ZZZ|l+nln3 (i +n,i,ng| —i,i +n,n3){i,i +n,nsl (29)

o
=

i=0 n=1n3=0

and so on with the propertjﬁ =0.

6. Some physical applications

The three-dimensional generalization of the type | model has interesting physical
applications. The Hamiltonian in this case is

H,"_[ (n1+2)+—(nz+2)+ 3(n3+§)] : (20)
q
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The generalized U, (3) generators are given by

T4 = AT AY T = AT Al I = 1(Ny — Ny) (21)
and so on. The Hamiltonian exhibif/, (3) symmetry with a spectrum containirgkoks

copies of each symmetric tensor representatio§@f(3). Consideringx to be small, we
expand (20) as

2 012
H ~ <1+ ) H—-—H® (22)
where H, theq = 1 part of (20), is given by

wH = w1(n1+ 3) + wa(nz + 3) + ws(nz + 3) (23)

with zero-order frequencies; corresponding to its normal modes. We find that there exists
an interesting connection between our model and the spectra of triatomic molecules as
well as superdeformed nuclei. Though there exist a number of investigations showing the
agreement of-oscillator models with the experimentally observed vibrational and rotational
spectra of some diatomic molecules with surprising accuracy [5, 6], similar studies on
triatomic molecules are scarce, and, even when available, are restricted to the isotropic
case [10]. On the other hand, the Hamiltonian (20) and hence (22) for gmallues can
possibly be applied to explain vibrational spectra of a class of real triatomic molecules with
the inclusion of anharmonicity along with the anisotropy given in rational ratios. That is,
for triatomic molecules with normal modes in the ratios

W1 W2 . W3 = €1N1 . €N . €3N3
where then;’s are integers while;’s are humbers close to unity showing deviations from
rational ratios. For example, our model is expected to describe the vibrational spectra of
molecules such as [15]:
(1) HOCI, with zero-order frequencies (in cf)
w1 = 3609 wy = 1238 w3 =720 (2%)
in the ratiow; : wy : w3 ~5: 2 : 1with accuracy
€1 =100 €, = 0.86 €3 = 1.00. (24b)
(2) HDO, with zero-order frequencies (in cf)
w1 = 2724 wy = 1403 w3 = 3707 (251)
in the ratiow; : wy : w3 ~ 2 :1: 3with accuracy
€1 =097 €, =1.00 €3 = 0.88. (25p)

(3) H.0, with zero-order frequencies (in ¢

w1 = 38253  wp,=16539  ws =3935 (26)
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Table 1. Energy spectrunE = wH,!, where H/ is as in (22) witha = 0.0849. E(anhg)
and Eg give the values with and without consideration of the anharmonicity, whikexp) was
obtained from [15].

ni no n3 Eo E(anhg) E(exp

0 0 0 4707 4701 4680
0 1 0 6361 6340 6295
0 2 0 8015 7968 7871
1 0 0 8531 8473 8419
0 0 1 8643 8583 8524
0 3 0 9669 9581 9408
1 1 0 10185 10081 10102
0 1 1 10297 10190 10121
0 4 0 11323 11177 10906
1 2 0 11839 11671 11746
0 2 1 11951 11778 11678
2 0 0 12355 12162 12075
1 0 1 12467 12269 12107
0 0 2 12580 12376 12277
0 5 0 12977 12752 12365
1 3 0 13493 13239 13351
0 3 1 13605 13345 13197
2 1 0 14009 13724 13825
1 1 1 14121 13829 13771
0 1 2 14233 13934 13855
1 4 0 15146 14783 14917
0 4 1 15259 14887 14676
2 2 0 15662 15259 15537
1 2 1 15775 15363 15396
0 2 2 15887 15466 15393
3 0 0 16178 15733 15645
2 0 1 16291 15836 15605
1 0 2 16403 15938 15702
0 0 3 16516 16041 15937

in the ratiow; : wy : w3 ~ 2 :1: 2with accuracy
€1 =116 e = 1.00 e3 = 1.19. (26b)

For demonstrating our claim, we present here in detail the case of the water molecule.
The vibrational spectra of #0 molecules (without considering the anharmonicity) may be
described by the Hamiltonian (23) [14, 15] rewritten as

ol = o (e +H+ F o+ +ena+3) (27)

with w = 33078 and¢; as given in (26). We see that our anisotropic model (20) for
ki:kp:ks=1:2:1andg = 1 can describe this system with fairly good accuracy. The
system thus has an approxima®& (3) symmetry when anharmonic effects are neglected.
For describing the experimental result more accurately anharmonic terms are usually
considered and, for triatomic molecules like® the number of such anharmonic parameters
is six. We show in table 1 that our single-parametesscillator model can also describe
such anharmonic effects with good accuracy. The energy spectrum obtained from formula
(22) including anharmonicity is shown in the penultimate column of table 1. Note its close
resemblance with the spectrum of®l given in the last column, which is calculated from
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the six-parameter fit of [15]. Herg&(anhy) is a single parameter fit, where = 0.0849 is
chosen to get the best fit with the six-parameter result within the given range.

This suggests that the vibrational Hamiltonian ofCHmolecules with anharmonicity
exhibits an approximat§U, (3) symmetry (withg = €°849 along with all the interesting
features of the anisotropig-oscillator model discussed here.

As another possible application, one should mention that in analysing the shell structure
of superdeformed nuclei one usually considers the energy spectrum [16]

E(n1,n2,n3) = hw) (n1 +nz2 + 1) + hwz(nz + %). (28).

The major shell structure is observed only when and w3 are in the ratios of small
integers. The reason behind this fact and the symmetry involved are not well understood,
as stressed by Mottelson [16]. We see here that such superdeformed nuclear models with
nonlinear terms may well be represented by our anisotrgpiscillator with anSU, (3)
symmetry, which may be a preferred symmetry providing a stable structure.
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